FREE BROWNIAN MOTION AND FREE CONVOLUTION 
SEMIGROUPS: MULTIPLICATIVE CASE 



PING ZHONG 

Abstract. We consider a pair of probability measures fi, v on the unit circle such 
that 'T,\(r\i,(z)') = z/rj^{z). We prove that the same type of equation holds for any 
t > when we replace v hy vMXt and /i by Mt(^), where At is the free multiplicative 
analogue of the normal distribution on the unit circle of C and Mf is the map 
defined by Arizmendi and Hasebe. These equations are a multiplicative analogue 
of equations studied by Belinschi and Nica. In order to achieve this result, we 
study infinite divisibility of the measures associated with subordination functions in 
multiplicative free Brownian motion and multiplicative free convolution semigroups. 
We use the modified 5-transform introduced by Raj Rao and Speicher to deal with 
the case that v has mean zero. The same type of the result holds for convolutions 
on the positive real line. We also obtain some regularity properties for the free 
multiplicative analogue of the normal distributions. 



1. Introduction 

Let A^K be the set of probability measures on R. For every t > 0, Belinschi and 
Nica [TTj defined a family of maps : M.^ — )■ A^^ by setting 

These maps have several remarkable properties. For any t > 0, is an endomorphism 
of (A1k+, KI), where A1]r+ is the set of probability measures on [0, +oo) and Kl is free 
multiplicative convolution. {Bt}t>o is a semigroup and Bi is the Boolean to free 
Bercovici-Pata bijective map. 

The maps B^ have strong connections with ffl-infinite divisibility. They are also 
connected to free Brownian motion and additive free convolution semigroups. For 
ji G A^K, we denote by the Cauchy transform of and by the reciprocal 
Cauchy transform of /i. Given a pair of probability measures /U, z/ G Als such that 

G,{z)=z-F^{z), 2GC+, 

then we have 

(1.1) G^m^Xz) = z - Fn,i^^){z), t>0, 2;gC+, 

where 74 is the semi-circular distribution with variance t. This result was generalized 
to the context of multi- variable case in [10], [12] and [26]. An equivalent form of 
(11. ip was used to prove the super convergence theorem in [32]. In a series of papers 
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[T], [2], [3] and Anshelevich generalized the above correspondence of /i -H- i/ 
and B4(/i) f-)- z/ lEI 7^ to the context of two-state probabihty spaces. Motivated by 
these generahzations and apphcations, we study in this article the analogue of these 
equations for multiplicative free convolution. 

Throughout this article, we denote by T the unit circle of C, by A^t the set of 
probability measures on T, and by A^* the set of probability measures on C with 
nonzero mean. We also set 

MT = {fieMTnM,: r]^iz) y^o,\/ze m)\{o}}. 

It was shown in [8] that one can define multiplicative free convolution power /i^* for 
fi e and t > 1. 

In [6] , a family of maps , which is the analogue of the semigroup , was defined 
for the probability measures in A^^. The definition of in [B] is more general, and 
we only need a simpler form defined as follows. Given /i G A^^ which has positive 
mean, then for t > 0, the map is defined by 



where the convolution power and the measure Mt(/i) are chosen in a way such 

that they have positive means. 

We then state one of our main theorems. 

Theorem 1.1. Given a pair of probability measures fi G Al^ '^'^'^ ^ ^ -^t such that 

(1.2) S,(r7,(z)) = -^,;2GD. 

Then we have 

(1-3) j:x{v.mxAz)) = — e D, 

where At is the analogue of the normal distribution on T with T,Xt{z) = exp(|Y^) 
and A = Ai. 

In order to prove Theorem II. H we consider two semigroups z/ IE At and for 
all t > 0. It is well-known that r/^gjAt and ri^m{t+i) are subordinated to rj^ and r^^ 
respectively. We prove that the subordination functions are ?7-transforms of some 
Kl-infinitely divisible probability measures on T. It turns out that the equation 
^x{Vi^{z)) = z/r]^{z) means that the subordination function of rj^mxt with respect 
to r/i^ and the subordination function of r]^m(t+i) with respect to rj^ are the same. The 
proof of Theorem ll.il will be given in Subsection 3.5. 

Given /i G AIt, we prove that if /x^* can be defined and rj^mt is subordinated to 
rj^ for all t > 1, then fi G Ai^] in addition, we prove that for nontrivial measures 
/i G AIt and u G X'D(K1,T), the density functions of the measures /i Kl z/t and /x^* 
converge to l/27r uniformly as t — )■ 00. 
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To deal with the case that v G A^t\A^*, we use the modified iS-transform [5^, "28] to 
study subordination functions. In this case, the subordination function of r/j,^At with 
respect to ri^ is generally not unique. However, we can prove that there exists a unique 
subordination function satisfying certain properties (see Theorem 13. lip , which implies 
that Spt(2;) = Sa^ (77^(2;)), where pt is the measure associated with the subordination 
function of r]y^\^ with respect to r]y. 

Similar results to Theorem 1 1.1 1 for multiplicative convolution on A^ir+ are also valid. 
The proof for this case is much simpler because of the uniqueness of multiplicative 
convolution powers and the uniqueness of subordination functions. 

Finally, we describe the density functions of the free multiplicative analogue of the 
normal distributions. For Af {t > 0) the free multiplicative analogue of the normal 
distributions on T, we prove that Af is unimodal. 

This article is organized as follows. After this introductory section, we describe 
some backgrounds in the additive case in Section 2. In Section 3, we consider mul- 
tiplicative free and multiplicative Boolean convolution on A^t, and prove our main 
theorems. Section 4 is devoted to studying multiplicative free and multiplicative 
Boolean convolution on The regularity properties of the free multiplicative 

analogue of the normal distributions are discussed in Section 5. 

2. Background: additive case 

2.1. Additive free convolution and additive Boolean convolution. For a mea- 
sure yU G A^R, we define the Cauchy transform : C"*" — )■ C~ by 



We set F^{z) = 1/ G^{z), z e C+ , so that : C+ ^ C+ is analytic. 

The following result in [16] characterizes those functions which are reciprocal Cauchy 
transforms of probability measures. 

Proposition 2.1. Let F : — )■ be an analytic function. Then the following 
assertions are equivalent. 

(1) There exists a probability measure p onM such that F{z) = Ffj_{z) in C"*". 

(2) There exists a G M, and a finite positive measure ponW such that 



for allze C+. 
(3) We have that limj,^+oo F{iy)/iy = 1. 

It was proved in [16j that is invertible in some domain. More precisely, for two 
positive numbers M and A^, we set 





Tm,n = {zeC+ : \x\ <My,y> N}. 
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Then for any M > 0, there exists N > such that the left inverse ^ of is defined 
in Tm,n, and then we can define the Voiculescu transform of /i by 

^,{z) = f;;\z) - z, 

for z G rjv/,Ar. For any two measures /i, z/ G Aiu, then we have that 

(2.1) ^tMBiuiz) = (f^{z) + ipy{z) 

holds in any truncated cone Tm,n where y?^, ip^ and ^^mu are defined. This remarkable 
result was discovered by Voiculescu [30] for compactly supported measures and then 
extended to general cases in [16] [25] . 

Given v G A^k, we say that v is ffl-infinitely divisible if for every positive integer 
n, there exists a probabihty measure vi/n G A^r such that 

y = Ui/n ffl l^l/n ffl • ■ ■ ffl l^l/n ■ 

" V ' 

n times 

It is known [T6l [25] [30] that a probability measure on M is ffl-infinitely divisible 
if and only if its Voiculescu transform (p^, has an analytic extension defined on C"*" 
with values in C~ U R. We denote by TD(ffl,]R) the set of all ffl-infinitely divisible 
probability measures on the real line. If G XT'(ffl,M), then for every t > 0, there 
exists a probability measure Ut such that 'Putiz) = t(p^{z) for z in the common domain 
of ifi, and (p^^. 

We would like to mention the following fact. 

Proposition 2.2. If u is ^-infinitely divisible, let H{z) = z-\-ify{z), then 

(2.2) H{F,{z)) = z 

holds for z G C+. The set U := {2; G C+ : '<sH{z) > 0} is a simply connected domain 
with boundary which is a simple curve and H maps conformally onto U. Moreover, 
the boundary dU is the graph of a function and the function H is continuous up to 
the real axis. 

Proof. The first part of the assertion appears in [16] and [30] , and the second part of 
the assertion follows from the fact that H satisfies the conditions of Proposition 4.7 
in [S]. The last part of the assertion is due to Lemma 3.3 in [25 and Proposition 4.7 
in [g. □ 

Additive Boolean convolution was introduced in [29]. For /i G A^r, we set E^{z) = 
z — F^{z). For /i, z/ G Aim, the additive Boolean convolution /i l±l z/ is characterized by 
the identity 

Ep{z) = E^{z) + E,{z), forz G C+. 

We can also consider the infinite divisibility with respect to additive Boolean convo- 
lution. It turns out that every /i G A^k is l±l-infinitely divisible (see [29]). We denote 
by X'D(l±l,M) the set of all l±l-infinitely divisible probability measures on the real line. 
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2.2. Infinite divisibifity and subordination functions. Given jjL,v ^ A^m, it 
is known that F^^j^ is subordinated to and F^, and by Proposition 12. 1^ we can 
also regard these subordination functions as the reciprocal Cauchy transforms of 
probability measures on M. 

Definition 2.3. For /x, G A^r, the subordination distribution [H IMl 126] CB 
(resp. z/ EB /i) is defined to be the unique probability measure in A^k such that 
FM^) = F,{F^^^{z)) (resp. F,^,{z) = F,{F^^^{z))). 

Many subordination distributions in semigroups related to free convolution are 
infinitely divisible (see |4l [26]). 

Proposition 2.4. Let /i, z/ G A^s- 

(1) We have that (p^ [2^(2) = (v^^ o Fi^){z)- 

(2) If fie IV{m, R), then /i [B z^ G IV{m, R) . In particular, 7* E z/ G IV{m, R) and 
'^-yt IIBt'(^) ~ tG,y{z), where 74 is the semi-circular distribution with variance t. 

(3) // z/ = /i ffl z/' for v' G AIr; then /i [B z/ G Xr'(ffl,M). In particular, /i [B /i G 
XD(ffl,M), an(^<^^^^(z) = 2;-F^(z). 

Proof. Part (1) is Lemma 1 in [1]. Note that f-yt{z) = t/z and {ip^oF^){z) = z—F^{z), 
Part (2) and (3) follow from Part 1 and Lemma 2 in [1], see also Corollary 2.3 in 
[20|. □ 

The following result was inspired by a question in [4]. I am grateful to Michael 
Anshelevich for sending me a updated version of the paper [1]. 

Lemma 2.5. Given t, p E AIr, ifr\IBpE XV{S,R), then p ffl t™ is defined for all 
t > in the sense that (pp + tipr is the Voiculescu transform of a positive measure. 

Moreover, we have that ^^^(^EBt) = Fp {Ff^^^^-^mt{z)^ . 

Proof. Let a = r CB p, and at = cr^*. By Proposition 12.11 there exists a unique 
probability measure Ht G AIr, such that 

Fp, = FpiF,,iz))- 

We claim that <Ppt{z) = ^Ppiz) + tipr{z). Indeed, by Proposition 12. 4[ we have that 

F-^\z)-z = t-^^{z)=t-ipAFpiz)), 
and we thus obtain that 

cpp, {Fp{z)) = {Fp{z)) - Fp{z) 
= F;^\z) - Fp{z) 
= F;^\z)-z + z-Fp{z) 
= t-^AFp{z)) + F;^ {Fp{z))~Fp{z). 
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By analytic continuation, we conclude that 

^^^{z)=t-^,{z) + F;\z)-z 

= (pp{z) + t- (Priz), 

which completes the proof. □ 

Remark 1. There are examples p,T & A^k such that r CB p G XI'(ffl,]R) but r ^ 
XD(ffl,M) and r is not a summand of p, see 

Combining Proposition 12.41 and Lemma 12. 5[ we can reconstruct free convolution 
semigroups [271 E] as follows. 

Theorem 2.6. Given p G Mr, then p™ G A^r is defined such that ip^mt{z) = tip^{z) 
for all t > 1. Moreover, there exists an analytic map Ut : C'^ such that 

F^mt{z) = F^{ut{z)), for z G C+, Ut = F^^^^^ait^^^{z) and ^(^E^)ffl(t-i) = {t - 
l){z-F^{z)) for allt> 1. 

Let Ht{z) = z + {t — l){z — Ffj_{z)), then by Proposition 12.21 and Theorem 12. 6[ we 
know that Ht is the left inverse of Ut such that Ht{ut{z)) = z for z G C"*". Therefore, 
for t > 1, Ut{z) can be written as 

(2.3) 0Jt{z) = z+ [1 --) {Fmt{z) - z), zeC+. 



t^ 

We deduce from (12. 3p and the definition of Ut in Theorem 12.61 that, for t > 0, 

= (l-^^) {z- F^m(t+i){z)), 

which implies that 

2.3. Two formulas related to free Brownian motion. Given p G A^r, we con- 
struct subordination functions cot as in Theorem 12. 6[ Let = (/i CB p)^* G AIr, 
then ojt+i = F„^{z) for t > 0. Given z/ G AIr, let = 7t CB and let Ft = Fp^{z) 
for all t > 0. From Proposition 12.41 and Theorem 12. 6[ we know that pt and at are 
ffl-infinitely divisible and their Voiculescu transforms are given by ^pXz) = tG^ and 
'Pati.z) = t{z—Fp{z)). By comparing Voiculescu transform of pt with Voiculescu trans- 
form of at, we deduce that Ft = Ut+i for some t > if and only if Gi^{z) = z — Fp_[z). 

For any t > 0, Belinschi and Nica [llj construct the transformation : AIr — )■ AIr 
such that 



g,(^) = (;,ffl(i+*))Vi+t^for;,GAln 



They also show that is a semigroup and B2 = B, where the map B : XI'(l±l, M) — )■ 
XV (S, M) is the bijective map from the l±l-infinitely divisible distributions to the ffl- 
infinitely divisible distributions, discovered in the seminar paper [T^. The following 
theorem is from 
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Theorem 2.7. Let fj, and v he a pair of probability measures on the real line such 
that 

(2.5) G,iz) = z- F^{z), zeC-^. 
Then we have 

Remark 2. Given E A^r satisfying (12. 5p . then Maassen [25] shows that has 
mean zero and variance one. Conversely, if yU G A^r has mean zero and variance one, 
then there exists a unique z/ G A^r satisfying (12. 5p . 

Given r G XT'(ffl, M) and yU, z/ G A^r, we compare free Levy process z/fflr^* and free 
convolution semigroup /x^*^*"'"^^ If y?^ (Fi,(z)) = z — F^{z), then r CB z/ = CB /i, which 
implies that subordination function of F^^^^^^mt-^ to F^ is the same as the subordination 
function of F^a(t+i) to F^. The following theorem generalizes Theorem 12.71 The 
argument is similar to the proof of Theorem 1.6 in [11] (see also the proof of Lemma 
3 in [4j), therefore we omit the proof. 

Theorem 2.8. Given r G X'D(ffl, R), and let ^ and u be a pair of probability measures 
on the real line such that 

Vr{F,{z)) = z-F^{z), z G C+. 

Then we have 

Vr (-^i.EB(rffl')(^)) = Z- Fn,{^,){z) , t > 0, 2; G C+. 

Remark 3. Let r = '-)a,b be the semi-circular distribution with mean a and variance 
6, and let /i, z/ be a pair of probability measures on the real line such that 

(2.6) ipr{F,{z)) = z-F^{z). 
We first compute 

F^{z) = z-^,{F,{z)) 

(2.7) =z-(a + -)oF,{z) 

z 

= z — a — bGy{z). 
By Theorem 12.81 then we have that 

^Bt(M)(^) = Z-^r (F^ffl^fflt(z)) 

(2.8) =z-({a + -^oF^^^^^i{z) 

= z-a-6G'^g^fflt(2;). 

By (12.81) and the definition of Boolean convolution, we obtain that 

(2.9) F(B,(^))^t(2;) = z-ta- tbG^^^mtiz). 
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Equations (12. 7p . (12. Sp and (12. 9p were studied in [1]. We would like to point out 
that, as it was shown in [4t Proposition 1 and Example 1], (Bt(/i))'*'* G XP(ffl,M), and 
(Bi(/i))«* = (r E z/)^* = (/i E In fact, for all /i G AIr, we can deduce from ([23]) 

and the identity (Bt(/i))^* = that (Bt(/i))^* is the measure associated 

with the subordination function of with respect to fi, that is (Bt(/i))^* = 

3. Multiplicative free convolution and Multiplicative Boolean 

CONVOLUTION ON Mt 

Given any two probability measures fi,^ on T, the unit circle of C, we can define 
their multiplicative free convolution. We first recall the calculation of the multiplica- 
tive free convolution of two measures on T with nonzero means. Given fi G Mt, "we 
define 

f tz 

and set rjniz) = tpfj,{z)/{l + tljfj,{z)). The following proposition [8] characterizes the 
r^-transforms of probability measures on T. 

Proposition 3.1. Let 77 : D — )■ C be an analytic function. Then the following asser- 
tions are equivalent. 

(1) There exists a probability measure fi G A^t such that rj = rj^. 

(2) 77(0) = 0, and \r]{z)\ < 1 holds for all 2 G ©. 

If G A^T n A^*, then rj'^ifS) = Jr^tdfi{t) 7^ 0. Therefore, the inverse r/"^ is defined 
in a neighborhood of zero. We set ^^(2;) = rj'^^{z)/z. Given /i, G AIt H Al*, their 
multiplicative free convolution, which is denoted by Kl i/, is the unique probability 
measure in AIt H Al* such that 

(3.1) ^^Mu{z) = T.^{z)J:^{z) 

holds for z in a neighborhood of zero. 

It is known fl9[ [9] that there exist two analytic functions , W2 : D — > © such that 

(1) a;i(0) =u;2(0) = 0, 

(2) Vi^^i^i^) = Vf^i^iiz)) = r]^{uj2iz)). 

A probability measure /i G A^t is said to be Kl-infinitely divisible if for any positive 
integer n, there exists /i„ G AIt such that /i = /i^"^ = /i„ Kl ■ ■ ■ Kl It is shown in 
[15] that if /i G A1t\A1* is Kl-infinitely divisible, then fi is the Haar measure on T; 
and fi G AIt H A1* is lEI-infinitely divisible if and only if there exists a function 

(3.2) u{z) = m+ / -dcT{t), 

Jr^ 1 — tz 

such that ^^{z) = exp{u{z)), where a G M and o" is a finite positive measure on 
T. Equation (13. 2 p is the analogue of the Levy-Hincin formula for multiplicative free 
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convolution on T. The analogue of the normal distribution in this context is given 
by Sa,(2) = exp (|y^). Denote by IV{m,T) the set of all ^infinitely divisible 
measures on T. 

Lemma 3.2. If ^ E M.^ H M.^ is ^-infinitely divisible. Then 

(1) The function H{z) = zJ]^{z) is the left inverse of r]^{z), that is H{r]^{z)) = z for 
all z eB. _ 

(2) The function rj^ extends to he a continuous function on D, and rj^ is one-to-one 
on 1. 

(3) The set {2; G D : < 1} is a simply connected domain which coincides 
with {ri^{z) : z G D}, and its boundary is ri^{T) which is a simple closed curve. 

Proof. Observing that H{ri^{z)) = 2; is valid in a neighborhood of zero, we obtain 
assertion (1) by analytic continuation. 

Note that : D — )■ C satisfies the conditions in Proposition 4.5 in [8] and thus 
assertions (2) and (3) hold. □ 

3.1. Multiplicative free Brownian motion. For /i G M.t and t > 0, we study the 
multiplicative free convolution /i Kl Af. We first concentrate on the case when /i has 
nonzero mean. The case when /x has mean zero will be studied in Subsection 3.2. 

We start with the following result which is the multiplicative version of Lemma 1 
in [181. 



Lemma 3.3. Given /x, G A^t H A^*, we have that 

rif,{z) = ri^^^{z ■ S^(r7^(z))) 
holds for z in a neighborhood of zero. 
Proof. From (13. ip . we find that 

z z z 

holds for 2; in a neighborhood of zero, which we denote by Dq. We choose a subdomain 
Di C Dq such that ri^{Di) C Dq. Replacing z by ^7^(2;) in ( 13. 3p . we obtain that 

^3 Vf^LMz)) ^ %\v^,{z)) _ r]-\r]^{z)) ^ ^_ _ r/-^(r/^(2:)) 

rii.{z) ri^{z) r]^{z) 7/^(2;) r/^(z) 

holds for z G Di. Note that r]'^^{z) = zlly{z) holds for z G Dq., and we then rewrite 
(EJD as 

(3-5) %Lhlt.{z)) = zJ:^{r]^{z)). 

Applying ri^^^, on both sides of (13.51) yields that 

holds for 2; in a neighborhood of zero Di. □ 
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For any t > 0, we denote by ?7t : D — )■ D the subordination function of /i Kl At with 
respect to /i. Since :©—)■© is analytic and r]t{0) = 0, Proposition 13.11 imphes the 
existence of a probabihty measure pt such that rip^{z) = rjt{z). 

Lemma 3.4. The measure pt is ^-infinitely divisible and its H-transform is ^pX^) = 

Proof. Define analytic function $t : D — t- C by ^t{z) '■= zT,x^{rip{z)) for all t > 0. By 
Lemma 13.31 we have that 



which implies that 

V^^^Xt{z) = V^^{Vt{z)) = Vf.sxt{'^t{Vt{z))). 

Since T]p^Xt is invertible in a neighborhood of zero, we have that ^t{Vt{z)) = -2 in a 
neighborhood of zero. 

We thus obtain that rjp^[z) = rj^^[z) = ^t{z) holds for z in a neighborhood of zero, 
which yields that 

(3.6) Ep,{z) = ^^ = j:,Av,{z)). 

By the definition of the ip- and 77-transforms, we have that 

(3.7) ^xMz)) = exp Q ^ ]^,M0^ ■ 

The real part of the integrand in (13. 7p is positive for all 2; G ©, then the asseration 
follows from (13. 6p and Theorem 6.7 in [15|. □ 

By (13. 6p . the right hand side of ( 13. 7p is the Levy-Hincin representation of pt- We 
can also write rjt in terms of Xt and p Kl Af. Replacing z by ?7^KiAt(-2) in the equation 

v;:LM _ v'(^) %/(^) 



we obtain that 



Vi^^tiz) Vfj^^xAz) 



Vt{z) „ . ... 

^Xt iVf^^Xtiz)) , 



which shows that 

(3.8) vtiz) 



^Xt iVf^mXtiz))' 



11 



3.2. Modified 5-transform and subordination functions. Given /i G A^t\A^* 
and z/gA^tHA^,,,, itis know from \X9\ that r^^^i^ is subordinated to and r],^. The 
subordination function for this case is generally not unique. However, we show that 
there is a nice subordination function, which we call the principal subordination func- 
tion, uniquely determined by certain conditions. Using the principal subordination 
function, results related to subordination function in the case /z, z/gA^tHA^* can 
be extended to the case where fj, G A1t\A1* and u E A4t ^ -M*- 

Let us first give an example which illustrates the non-uniqueness of subordination 
functions. 

Example 3.5. For keN, and let A^^^ = l/A;^^Io5^„, where = e^™^. We have 
ipx{k){z) = 2:^/(1 - z'') and r]x(k){z) = z'' . Given v G AIt n Al*, z/ a; : D D zs a 
subordination function of rj^ik)^^ with respect to rix(k), then 

also a subordination function of r]x(k)^^ with respect to rj^ik) for all integer < n < k. 

We now introduce the modified iS-transform. Given two free random variables x 
and y in a. W*-probability space {A, 0), such that (f){x) = and (f){y) 7^ 0. We can not 
directly apply Voiculescu's iS-transform (S-transform) to calculate the distribution of 
xy. N. Raj Rao and R. Speicher [28j introduce a new transform, which we call the 
modified iS-transform, to deal with this case. They apply the modified iS-transform 
to study the distribution of xy where x, y are free self-adjoint random variables such 
that = 0, (f){y) 7^ 0. For nonzero self-adjoint operator x, we have that 7^ 0. 

Assume that 4>{x) = ■ ■ ■ = (j)[x''~^) = and 7^ 0, Arizmendi ^ observe that 

we can calculate the distribution of xy using the idea in p8]. We present the details 
of their work for reader's convenience. 

We first recall some definitions. For /i G AlxnAl*, we have '?/'^(0) = and 
ip'n{0) 7^ 0. It follows that there exists a function which is analytic in a 

neighborhood of zero, such that 



= z 



holds for sufiiciently small z. The usual ^-transform is defined by 




z + 1 



z 



We then have 




1-z 



z 



) 



' = ^ (1^) 



We set 



AIt = e -^T 



= Oforl < n < A;, and / t^rf/i(t) ^ 0} 
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Then for fi & Ai^, we have that 
(3.9) 



For /i G A^X) ^ ^ A^tH A^*, from the definition of free independence, we deduce that 

We recall the following classical result in complex analysis (see, for example, |23]). 
Theorem 3.6. If f{z) is holomorphic in \z\ < R, and suppose that 

/(O) = /'(O) = ■■■ = (0) = 0, f'^y^O, 

then for small values of w ^ the equation 

f{z) = w 

has k roots Zi{w), ■ ■ ■ , Zk{w), which tend to zero when w tends to zero. Moreover, 
there exists a function g{w), holomorphic for w sufficiently small with g{0) = and 
g'{0) 7^ 0, such that for any fixed small values w 0, 

Zj{w) = giu^w^/''), w = e2"*/^ < argw^/^ < ^, 
if we put those roots in a certain order. 

Remark 4. The converse of Theorem 13.61 is also true. More precisely, if we are 
given a function g{w) which is holomorphic for w sufficiently small with g{0) = and 
g'{0) ^ 0, and for j = 1, ■ ■ ■ , k, let 

Zj{w) = giu^w^/''), a; = e2-'/^ < argw^/^ < ^, 

then zi{w), ■ ■ ■ , Zk{w) are the roots of the equation 

F''{z) = w, 

where F is a holomorphic function defined in a neighborhood of the zero such that 

Figiw)) = w. 

For j = 1, ■ ■ ■ , k, denote Dj^r = {uj^z : < arg(2;) < 2TT/k, \z\ < r}. We record the 
following result for convenience. 

Proposition 3.7. Under the assumption of Theorem Vj.b\ we have that Zj {f{z)) = z 
for z G g{Dj^r) for r sufficiently small. 

Given /i G Ai^, and by Theorem 13. 6^ we know that there exist k functions repre- 
sented by the power series in z^^'' such that 

(3.10) ^p,ix^^\z)) = z, 
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for z sufficiently small. Moreover, there exists a function Quiw) holomorphic in a 
neighborhood of the zero, such that for j = 1, ■ ■ ■ ,k, 



where 00 = e^'^*/*^, < wigz^^^ < 2Ti/k. 

Definition 3.8. Given yU G M.\. Let x'P be the inverse function of ip^ in ( I3.10p . 
the modified 5-transform of is /c functions S^i^\z), ■ ■ ■ ,Sl''\z), such that for j = 
1, ■ ■ ■ , fc. 

Given fi e Mf^ and z/ G Mt fl A^*, we set 



and compute 



X^^\z) = S^^\z) 



l + z 

z 



(3.11) 



= Sl^\z).SAz)-^^^ 

= xf{z)-S,{z) 
= g,{uj^z'/^) ■ S,{z) 
= g{uj^z'l^), 

where g{z) = g^{z) ■ S^{z^) is a function such that g{0) = 0, g'{0) 7^ 0. From 
Remark m we deduce that for different j, there exists the same left inverse ijj such 
that ip(x^^Kz)) = z. Therefore, we have the following proposition. 

Proposition 3.9. Given jj, G M.!^ and v G A^t H M.^, for I < j < k, let 

S^^\z) = S^^\z) . S^{z) 
X^^){z)=S^^\z).-^. 

Then there exists a unique holomorphic function ip defined in a neighborhood of the 
zero such that 

i;{ix^^^)iz)) = z. 

The following result is due to Raj Rao and Speicher |28] and Arizmendi |5]. 
Theorem 3.10. Given jj, G M^, v G A^t H M.^, we have that 
(3.12) sX{z)=S^^\z).SAz), j = l,---,fc, 

where the modified S-transforms are listed in a certain order. 
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Because of Proposition I3l9] and Theorem 13. 101 for fixed /i G Ai^ and u G A^tHA^*, 
we denote 

(3.13) ^(z) = ilj,^,{z),a.ndx^^\z) = x^,{z), 

and we also denote g{z) = g^{z) ■ Sy{z^) as in (13.111) . 

Given /i G M^.u G A^t n A^*, we set = x|f^(2;/(l - 2;)) and Ly{z) = 

Xv{z/{\ — z)). Theorem 13.101 implies that 

(3.14) X%{z) = x:^^{z)-x.{z)-^. 

We also have that XmH-^) = 9^^^^^^^) X^%v{^) = 9ij.{^'' z^^'') ' <Su{z) = g{uj^z^/^). 
Substituting z by 'iIj^su{,z) in (13.141) . and applying Proposition 13. 7[ we find that 

WfJ.^u[Z) 

where z G g{Dj^r) for r sufficiently small. We thus have that 

(3.15) ZT]^^^ = L^i^\r]^Si,) ■ iui^fjMu) 

holds in the same domain. 

We can now utilize the argument in [9J to prove the existence of subordination 
function of rj^My with respect to 77^ for G v G AIt H Al*. Note that part of the 
following result is known in [19]. 



Theorem 3.11. Given fi G J^\,u G AIt ^ M.*, there exists two unique analytic 
functions uji,uj2 '-^ such that 

(1) u;i(0) = a;2(0) = 0; 

(2) ti^mAz) = r]^{uji{z)) = r]y{u2iz)), 

(3) Ui{z)u2{z) = zr]^^y{z) for all z G ©. 

Proof. Since 77^(0) = 0,?7,^(0) = 0, we can write rj^^^z) = z fi{z) , ri^^z) = zf2{z) for 
two analytic functions /i,/2 : D — )■ D. Fix I < j < k, set uii{z) = L^f!\ri^^i,{z)), 
uJ2{z) = iu{rj^^i,{z)) defined in g{Djr) for r sufficiently small. 
By (13.151) . we have that 

zr]fjMu{z) = Ui{z)u2{z), 
holds for z G g{Dj^^). We thus obtain that 

, ^ zri^^y zr]u{uJ2{z)) 

= = —— = zf2{UJ2{z)). 

UJ2{Z) UJ2{Z) 

Similarly, we have that co2{z) = zfi{ui{z)) for z G g{Dj^r)- Regarding coi{z) , co2{z) 
as Denjoy- Wolff points, the same argument in [9] implies uJi,u)2 can be extended 
analytically to D. By the uniqueness of Denjoy- Wolff points, uji,uj2 does not depend 
on the choice of j. 
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By the definitions of if! we liave tliat ri^{ijji{z)) = r]^{LL!2{z)) = r]^^^ for z in 
g[Dj^r)- Tlius (2) and (3) fiold by analytic continuation. Since ?7^(0) ^ 0, rjij is 
locally invertible near tlie origin and tlierefore UJ2 is unique. Finally (3) implies the 
uniqueness of Wi. □ 

Since yU G M.\ and /x Kl G A^^j "^^ have that ^^^(O) ^ 0, where oji is given in 
Theorem 13.111 

Definition 3.12. For /i G Ai^^v G A^t H A^*, the subordination Ui satisfying 
the relations (1), (2) and (3) in Theorem 13.111 is called the principal subordination 
function of rj^^^ with respect to i]^. The measure p G A^t H Af* satisfying rjp{z) = 
uji{z) is called the principal subordination distribution of rjf^^j, with respect to rj^. 

Note that for /x, z/ G AIt H Al*, the principal subordination function of rj^^^, with 
respect to r/^ is the usual subordination function. 

The following result might be obtained by approximation. We provide a direct 
proof. 

Corollary 3.13. Given fi G AIt^ ^ ^ -^t H A1*, let p be the principal subordination 
distribution of rj^^y with respect to rjn. Then we have that 

= S^(r/^(2;)). 

In particular, if u e IV{m, T), then p G IV{M, T). 

Proof. By choosing a sequence /x„ G AIt H Al,,, such that /i^i converges to weakly, 
Lemma 13.31 implies 

for z in a neighborhood of zero. 

Set = z'Ey^rjp^z)) = z ■ Sy{jpfj_{z)), and we thus have 

(3.16) rip^y{z) = r]f,{uJi{z)) = r]p^y{^{uji{z))) = 'r]p^y{^{r]p{z))). 

Fix 1 < j < A;, we claim that if z G g{Dj^r), then $(u;i(z)) = z. Indeed, for 
< arg(w^/'^) < 27r/k and z = g{oj^w^^^) = x^^\'^)-i using the construction of cji in 
Theorem 13. m we have 

(3.17) uj,{z) = ifiriM^)) = xfi^M^))- 
From (13. lip and (I3.13p . we have 

(3.18) x^'\w) = g{u'w^"')),^ndiP^^y{x^'\w)) = w. 

Equations flXTT]) and (KIM imply that ui{g{uj^w'^/''))) = x?iw). 

Note that ■ip^{uJi{g{co^w^^''))) = il)^^y{g{ijj^w^/'')) = w. Thus we obtain that 

$(a;i(^)) = ^uj^{g{uj^w'''))) = x^^\w)S,{w) = x^^\w) = z. 

The above claim, fl3.16p and Proposition 13.71 imply 

z = ^Mz)) = ^ivpiz)) 
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for z G g{Dj^r)- We conclude that Sp(z) = ^{z)/z = z in a small 

neighborhood of zero by applying the above argument for all 1 < j < k. 

If u E XT'(K1,T), then by Theorem 6.7 in [16], there exists an analytic function 
u{z) defined in D such that T,^{z) = exp{u{z)) and ^u{z) > for all z E 3. Thus 
^uiVfii^)) = 6xp(M(r7^(^;))) and ^{u{r]^{z))) > for all z E 3, and then the second 
assertion follows from Theorem 6.7 in [16]. □ 

Remark 5. If /c = 1, noticing that Ai^ = A^t H A^*, the modified 5-transform is 
the usual 5-transform. We see that Corollary 3.14 holds when /z, z/gA^tHA^*. 

The following result is the multiplicative analogue of Lemma 2.6. 

Proposition 3.14. Given p,T E AIt H Al*, let a be a measure in AIt H A1* such 
that Tjpsriz) = 7]p{7]„{z)). If a e XV{m, T), then p K r^* can be defined for all t > 
in the sense that Sp^(-^Eit)(z) = T,p{z)(T,r{z)y . 

Proof. For t > 0, there exists pt G AIt H A1* such that 

Using a similar argument as in the proof of Lemma 2.6 and applying Corollary 13. 13^ 
we can find that S^j(z) = T,p{z){T,T-{z)y . □ 

3.3. Semigroups related to multiplicative free convolution. Recall that Al^ = 
{yU G Mt n Al* : r]p{z) 7^ 0, Vz G ©\{0}}. Given /i G Al^ t > 1, and let u be an 
analytic function satisfying that z/(r]p(z)) = e"'-^-' holds for 2; in a neighborhood of 
zero. Set Ht{z) = ze'^*"-'^^"'^^) = z[z/{rin{z))f^^. It is shown in [8J that Ht has a right 
inverse : D — D such that Ht{u{z)) = z, and there exists a probability measure 
/i^* G AIt such that 

(1) r]^m{z) = Vt^Mz)) and S^a(z) = 

(2) a;t(z) = ^pMt{z) \z/7]^m{z)\^^^ for 2; G D, where the power is chosen such that the 
equation holds. 

Observe that for each t > 0, by Proposition 13.11 there exists a probability measure 
(7t G AIt such that rja-^^z) = Ut+i^z). It turns out that at is Kl- infinitely divisible and 
its S-transform is Tjfj^{z) = [z/rip{z)f, which can be obtained by applying the same 
argument as in the proof of Lemma 13. 4[ 

The following result is a partial converse of Theorem 3.5 in [8]. 

Theorem 3.15. Given n G AIt H A1*, assume that for any t > 1, there exists a 
probability measure Ht G AIt such that 

(3.19) S^,(z) = (S^(z))*. 

Assume in addition that pt is subordinated with respect to p for all t > 1. Then 
r]p{z) ^ for all z G ID)\{0}, that is n e M^. 
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Proof. For each t > 1, we denote by Ut the subordination function of Ht to /i. Observ- 
ing that Ht G A^* and w^(0) 7^ 0, for each t > 1, there exists a probabihty measure 



at_i e A^T n such that r/^ 



(3.20) 



for 2 in a neighborhood of zero. 



ujt{z). We rewrite fl3.19p as 



Note that u7^i 



Vn^{ViJ.{^)) for z in a neighborhood of zero. Replacing z by 



77^(2;) in (13.201) . we obtain that 



CO, 



which imphes that, 



t-i 



Given t > 0, we thus have Ti^^{z 



= [z/r]^{z)Y for z in a neighborhood of zero. 
Therefore at is Kl-infinitely divisible. 

By Theorem 6.7 in [15j, there exists an analytic function u{z) in D such that 
^u{z) > if 2; G © and Sg-j (2;) = exp(-u(2;)). We thus obtain that z/?7^ (2;) = exp('u(2;)), 
which implies that rin{z) 7^ for all 2 G D. □ 

It was pointed in [8j that /x^* is only determined up to a rotation by a multiple of 
27rt. Note that cUf and at are determined by the choice of /i^*. 



3.4. Multiplicative Boolean convolution and the Bercovici-Pata bijection. 

Multiplicative Boolean convolution on T was studied by Franz [22j. Let fi G Mt, 
and we set k^{z) = z/ri^{z). Given two probability measures fj.,!^ E A^t, their 
multiplicative Boolean convolution /i (xj i/ is a probability measure on T such that 

^^y^(^) = k^{z)k^{z) 

for all z eB. 

A probability G A^t is said to be 1><I -infinitely divisible, if for any positive integer 

[xJ n 

n, there exists /i„ G AIt such that fi = fin ■ Let Pq be the Haar measure. It is 
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shown in [22] that /x G A1t\{-Po} is ^ -infinitely divisible if and only if r]'^{0) 7^ and 
7^ for all z G ©\{0}, that is fi E Ai^, which is equivalent to 

(3.21) k,{z) = exp (^bt + ^ l±|^t/r^(0^ , 

where & e M and is a finite measure on T. Equation fl3.2ip is the analogue of the 
Levy-Hincin formula in this context. 

The multiplicative Bercovici-Pata bijection from Ix) to Kl was studied in pi] . 

Denote the set of all ix) -infinitely divisible measures on T by IV { l><) ,T), and the 
multiplicative Bercovici-Pata bijection from from ix) to Kl by M. Then we have 
kf,{z) = Sm(/,)(2;). 

Given /i G XV{ ixi , T)\Po = -M^, let 0J2 be the subordination function of fi^"^ with 
respect to /i, and let a be the probability measure on T such that rj^^z) = ijJ2{z). Then 
a is Kl- infinitely divisible and its S-transform is I^a{z) = z/rin{z) = k^{z). Therefore, 
cr is the same as M(/i). Since PqM Pq = Pq and rjp^ = z, the subordination funciton 
of Pq K1 Pq with respect to Pq is the identity map z, and the measure associated with 
the identity map z is Pq. To summarize, we have the following corollary. 

Corollary 3.16. Given fi G XV{ ix) ,T), let U2 be the subordination function of fi^"^ 
with respect to fj,, and let a be the probability measure on T such that r]„{z) = ijJ2{z). 
Then a = M.{n), where M is the multiplicative Bercovici-Pata bijection from from Ix) 
to 

Proposition 3.17. Let /i G A^t, then the following are equivalent. 

(1) ^ieIV{^,^); 

(2) y/W G IV(T, for any (3 eT. 

Proof. It is enough to prove that (1) implies (2) for fi G Air H A^*. Observing that 
rj (z) = /3 ■ r]fj,{z), we thus have 

^^^^ Vu if^z) - 

•5/3 y M z z 

The result follows from the Levy-Hincin formula for the multiplicative free convolution 
on T. □ 



3.5. An analogue of equations studied by Belinschi and Nica. In this subsec- 
tion, we prove our Theorem 11.11 Recall that At is the free multiplicative analogue of 
the normal distribution on T, the unit circle of C, with T,Xt{z) = exp (fj^f) and we 
set A = Ai. For /i G A^t, we denote mi(/i) = fr^^dfi{^). 
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Proposition 3.18. Given ^ G A^t? ^'^^ analytic map u = u{z) defined by 

(3.22) u{z) = bi + J Y^lf ^^(0, zeB, 

with b G [0, 27r) and r a finite measure on T. If k^{z) = z/ri^{z) = exp{u{z)), then 
b = arg(l/mi(/i)) G [0,27r), and r(T) = In |l/mi(/i)|. /n particular, there exists a 
probability measure v G A^t swc/i t/iat fc^(-z) = Sa(?7i/(-2)) if and only ifmi(^) = e~^/^. 

Proof. By definition, we liave tliat 

(3.23) fc.(O) = lim = = 

Since m(0) = bi + t(T), we tlien obtain tliat 

(3.24) 6 = arg( — ^ ) , and r(T) = In ^ 



mi(/i) 



mi(/i) 



The first assertion follows. 
By fl3.7p . we have that 



^xiv^z)) = exp ( i / j "^^^ rfz/(0 



2 Jt 1 - 

Noticing that /c^ has the Herglotz representation as ( I3.2ip . we conclude that k^{z) 
can be written in the form of T,x{riu{z)) for a probability measure i/ on T if and only 
if ln(l/mi(/i)) = 1/2. This implies the second half of the assertion. □ 

For /i G IV{ ix) ,T)\Po = AIt with mi(/i) > 0, let u{z) be the analytic function 
satisfying k^{z) = exp(u(z)) andu(O) > 0. Given t > 1, let Ht{z) = z exp{{t—l)u{z)) , 
and denote its right inverse by : D — > D with ujt{0) = 0. We define (see P]) /i^* by 
the relation 

(3.25) r]^mt{z) =r]^{ujt{z)). 
Then we see that H^{0) > 0, uj[{0) > and that 

= v.(o) >o. 

[xJ t 

For t > 0, we also define /i by the relation 

(3.26) k ^^{z)=exp{tu{z)). 

For this choice of the Boolean convolution power, we have that 

mi(/i^*) > 0. 
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Definition 3.19. Given /i G A^^ such that > 0, we define a family of maps 

{Miji^o by 

where we choose and Mj(/i) in a way such that they have positive means. 

The next result is a special case of Theorem 4.4 in [B]. 

Lemma 3.20. Given ^ G A^^ '"^^^^ ^i(Ai) > 0, i/ien i/ie following assertions are 
true. 

(1) Mt+,(/i) = (M,(/i)) /or a/a, s > 0. 

(2) Mi(/i) = M(/i). 

We are now able to prove Theorem 1 
Proof of Theorem We set 

(3.27) u{z) = \l \^du{0: 
then by (13. 7p and the assumption (11. 2p . we have that 

(3.28) = SA(r7,(z)) = eMu{z)). 

By Proposition 13. 18[ we see that mi(yu) > 0. We therefore can choose the multiplica- 
tive convolution power such that mi(n^^^~^^^) > 0. 

Let Tjt be the the principal subordination function oi Xt with respect to u and 
LOt+i be the subordination function of with respect to /i. Let pt,crt G Ai^ such 

that r]p^ = i]t an d 77^ = Wt+i. 

By Corollary I3.13[ (11.21) implies that T,p^{z) = E>,j (77^(2;)) = exp(tu{z)). From the 
choice of the function Ht+i(z) := zexp{tu{z)) is the left inverse of w^+i such 

that if(+i((jJt+i(2;)) = z for all z G ©, which implies that 

(3.29) E^.iz) =exp{tu{z)). 

We thus obtain that pt = cr^ and rjt = oot+i- 
Replacing z by rjt in (II. 2p . we obtain that 



7]pM(,t+l){z) 



l/t+l 
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On the other hand, by the definition of M^, we have that 

z z 



nm,{i,){z) T] ^ (z) 



> 1/t+l 

z 



We thus complete the proof of Theorem ll.li □ 

3.6. Some examples and applications. We start with some examples which are 
the multiplicative analogue of examples studied in [T] , [1] , |S] and yjj . We define the 

set 

(A) = {^ieM*T^: miifi) = e-^/2}_ 

By Proposition 13. 22[ the set A^t is in one-to-one correspondence with the set (A) via 
the bijection u -H- fi, such that {rii,{z)) = z/rj^{z). 

Definition 3.21. The bijective map A : A^x — (A) is defined by 

Kz) 

Using the notation A, Theorem 11.11 implies that 

X[u m At] = Mt[A(z/)], Vz/ G Mt. 

Example 3.22. Let 5i be the Dirac measure at 1, and let /i = A[5i], then we have 
z/rj^{z) = (?75^(z)) = exp(iYrf)- For t >0, Theorem 11.11 implies that 

= Sa {r]s,m\Az)) = Sa ivxtiz)) . 

In particular, when t = 1, 

where we used the equality {{zT^x) o rjx) (z) = z and A = Ai. Therefore, Mi(yu) is the 
free multiplicative analogue of the normal distribution on T. 

Example 3.23. More generally, we consider \t = \t and ^b,t = M\t]- Then 
we have that 

z 

{vx,,Az)) = ^, fort^O. 
On the other hand. Theorem 11.11 implies that 

which yields that fib,ti+t2 = ^t2(/^b,ti) ti^h > 0. 
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We would like to provide another example which covers part of Example 4.10 in 
i- 

Example 3.24. Let Pq be the Haar measure on T. Then by the free independence, 
Pq^ Xt = Pq. We set /i = A[Po]7 and then we have 



2; 



which implies that Mt(/i) = /i for all t > 0. To calculate the distribution of fi, we note 
that ?7pq = 0, which shows that = e~^z, and we thus have that ipfj,{z) = z/e — z. 
Using the identity 

and Stieltjes's inversion formula, we obtain that 

1 1 - 

a(dt) = —dt, < t < 27r. 

' 27r 1 + e-2 - 2e-i cos(t) ' " " 

We then give some applications of results concerning infinity divisibility of the 
measures associated with subordination functions. For G A^t, we say is nontrivial 
if it is not a Dirac measure at a point on T. 

Lemma 3.25. Given a G XV{^, T) which is non-trivial, and < e < 1, there exists 
a positive number n{e) such that 

rja^m C = = re'^ : < r < e,0 < 6 < 2n} 
holds for any t > n{e), where at = o"^*. 

Proof. If o" = Pq, the Haar measure on T, then the result is trivial. If cr 7^ Pq is 
nontrivial, then by Theorem 6.7 in [15J, there exists a finite positive measure u onT 
with z/(T) > 0, a G M, and an analytic function u defined by 



u{z) = ia + J - — —dh'{^),ioTze 



such that So-(z) = exp{u{z)). We choose at G A^t satisfying So-^(z) = exp(tu{z)). 
Noticing that other choices of the multiplicative free convolution power of a can be 
obtained from at by a rotation of a multiple of 2nt, it is enough to prove the assertion 
for at. 

We set = zT,at{z), then by Lemma [3l2l we have that 
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For z = re*^ G D, we calculate 



|$,,(z)| =rexp (^t J^j^—^diy{0^ 



(3.31) >rexp(t / ^-^^(^^.(O 

1 — r 



= r exp I t ■ uiT) 

Since limf_j.oo t exp (t ■ h'iT)^^) = oo, we deduce that for any < e < 1, there exists 
a positive number n(e) such that, for all t > n{e), we have that 

l^^atiz)] > 1, for = e. 

By Lemma I3.2[ $crt (ID)) is a simply connected domain which contains zero, which 
implies that 

r/,,(D) = $;/(©) C D„ fort > n(e). 

The assertion follows by the fact that ?7o-t extends to be a continuous function on 
1. □ 

For /i G A^T, we have that 

The real part of this function is the Poisson integral of the measure dfi{e *^), we can 
recover fi by Stieltjes's inversion formula. The functions 

(3 32) l_^^l + v,ire'')\ _ 1 1 - |r/^(re^^)p 



27T \1 ~ ri^{re'^) J 27r |1 - r/^(re*^)|2 

converge to the density of /i(e~*^) a.e. relative to Lebesgue measure, and they converge 
to infinity a.e. relative to the singular part of this measure. 

Proposition 3.26. Given ^ G A4t o-nd a G XT>{M, T) which is nontrivial, let be 
the unique probability measure on T such that 

Then we have 

dl^t{e'') 1 



lim sup 

*^°°6»e[0,27r] 



0, 



d9 27r 

where dfit{e^^)/d6 is the density function of fit at e*^ with respect to Lebesgue measure. 

Proof. Given < e < 1, by Lemma r3.25[ there exists n(e) > such that rj^ti^e^^) < ^ 
for t > n{e), which yields that ri^^{z) extends continuously to ©. We thus have that 
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which imphes that 

Since e is arbitrary, combining (13.321) with (13.331) . we prove our assertion. □ 

Corollary 3.27. Given fi G Ai^ o-nd a nontrivial measure v G XD(K1,T), then the 
density functions of the measures /i Kl z/^ converge to l/27r uniformly as t ^ oo; if 
11 G AIt is nontrivial, then the density functions of the measures /i^* converge to 
1/2% uniformly as t ^ oo. 

Proof. Noticing Corollary I3.13[ Propositions 13. 14113.261 and Subsection 3.3, we only 
need to prove the case of /x^* for ^ Ji4^. We point out that the measures are 
nontrivial imply that the subordination distributions involved are nontrivial. 

For /i G A^t\A^*, we have /i^" = Pq, where Pq is the Haar measure on T. Thus 
the assertion is true for this case. For /i G A^t H J^^,, but /i ^ A^t^ it is shown in [8] 
that fi^ fi & A^T5 thus this case reduces to the case when fi G Ai^p. This finishes the 
proof. □ 

4. MULTIPLICATIVE CONVOLUTION ON Mm.+ 

4.1. Multiplicative free convolution on A1r+. We are interested in the probabil- 
ity measures on the positive real line M^, which are different from the Dirac measure 
at zero, we thus set 

MI+ = Mm+\W. 

Given G A^^+, we define 

/'+°° tz 

and ri^{z) = 4'^{z)/{l + ip^i^z)). The transform 77^ is characterized by the following 
proposition (see |8j). 



Proposition 4.1. Let rj : C\M+ C be an analytic function such that ri(z) = ri(z) 
for all z G C\]R+ . Then the following two conditions are equivalent. 

(1) r] = 1]^ for some fi G M^+. 

(2) ri{0—) = and a.Tg{r]{z)) G [arg2,7r) for all z G C+. 

It can be shown that r^^ is invertible in some neighborhood of {—00, 0), and we set 
= Vjl^i^)/^ where r]~^ is defined in some neighborhood of (a,0). Given two 
measures /i, G Al^+' the multiplicative free convolution of fi and u is the probability 
measure /i Kl z/ in Af^+ ^^"^^ that 

holds in some neighborhood of (a,0), where these functions are defined. 
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It is known from [19] and [9] that there exist two analytic functions uJi,U2 '■ CyM"*" — )■ 
C\M+ such that 

(1) cu,(0-) = 0forj = l,2, _ 

(2) for any A G C^, we have ^^(A) = ujj{X) for j = 1,2, 

(3) r]^^^{z) = 7]^ = 7]y {u2{z)) for z G C\R+. 

For simphcity, we say that ui (resp. UJ2) is the subordination function oi ^Mv with 
respect to /i (resp. v), and /i Kl is subordinated to ^ and v. 

The analogy of the Levy-Hincin in this setting was proved in [15] and [16]. Given 
11 G A^iR+, then G A^^+ Kl-infinitely divisible if and only if = exp {u{z)), 

with 

1 + 

^(2;) = a — 62; + / da{t), 

Jo z-t 

where 6 G M and o" is a finite positive measure on R^. The analogue of the normal 
distribution in this context is given by T^x^z) = exp dfr]-)- 

Lemma 4.2. Let /x, G A^k+' 'then we have 

Vt.{z) = Vf^mu izJ:^{r]^{z))) 

holds in some neighborhood of interval (a,0). 

The proof of Lemma 14.21 is identical to the proof of Lemma 13. 3[ therefore we omit 
the details. 

For any t > 0, assume that : © — )■ D is the subordination function of /x Kl At with 
respect to fi, by Lemma 14.21 and the characterization of ?7-transform, there exists a 
probability measure pt in A4^+ such that rjp^{z) = rjt{z). The argument in the proof 
of Lemma [3.41 implies the following result. 

Proposition 4.3. The measure pt is ^-infinitely divisible and its T,-transform is 

Mz)) = exp Q ^ l^-l ^^''^^^ ■ 

We now discuss free convolution semigroups. Given t > 1, it is proved in [8J that 
one can define /x^* G A^i^+ such that S^Kt(-2) = for 2; < sufficiently close to 

zero. Similar to the case of A^t, /^^* is subordinated with respect to p and we denote 
the subordination function by Ut- By Theorem 2.6 in [S] and the characterization of 
?7-transform, there exists a probability at G A^i^+ such that rj^^{z) = Ut+i for all t > 0. 
Moreover, at is Kl-infinitely divisible and its S-transform is ^atiz) = [z/Tifj^{z)Y. 

4.2. Multiplicative Boolean convolution on A^k+ and the semigroup M^. 

Bercovici proved in [L3\ that the multiplicative Boolean convolution does not preserve 
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[xj t 

A^K+- But we can still define yU for /i G A^r+ and < t < 1 as follows. Let 
= z/r]^{z), the Boolean convolution power ^ is defined by 

The following definition was given in [B]. 
Definition 4.4. A family of maps from M.^+ to itself is defined by 

M,(/i) = 

It is also shown in [6] that Mt+^ = o for t, s > 0. 

4.3. Analogous equations. Given a pair of probability measures i^, /i € A^]r+, we 
also consider, as in the case A^t, the semigroups vMXt and /i^'-*"'"^-', the subordination 
functions rjt and Wj+i, and their associated probability measures p^, at for all t > 0. 
Since Spj(z) = SAi(?7;y(^)) and ^^^(-z) = [z/'q^{z)Y, we deduce that rit = Uf+i if and 
only if 

Applying the same argument as in the proof of the Theorem II. 1[ we obtain the 
following result. 

Theorem 4.5. Given a pair of probability measures /i, G AiR+, such that 
(4.1) EMz)) = ^ zeC+. 

Then we have 

^x{r]u^Xt{z)) = G C+. 

5. A DESCRIPTION OF THE ANALOGUE OF THE NORMAL DISTRIBUTION 

In this section, we describe the density functions of the free multiplicative analogue 
of the normal distributions. 

5.1. The circle case. Let A* G A^t be the analogue of the normal distribution such 
that Sa,(z) = exp(|i^). We set <^t{z) = zEx,{z), and let Qt = {zeB: \<l>tiz)\ < 1}- 
By Lemma 13. 2[ r]x^ extends continuously to the unit circle T, Qf is simply connected 
and bounded by a simple closed curve, and we have that dQt = V^^tC^)- 

Observe that for t 7^ 4, $t has zeros of order one at zi{t) = (2 - t + _ 4^) /2 
and Z2{t) = {2 — t — y/t^ ~ 4t)/2. $4 has a zero of order two at —1; and for all t, $t 
has an essential singularity at 1, and no other zeros and singularities. For < t < 4, 
Zi{t),Z2{t) G T and Z2{t) = Zi{t), we let 6i{t) G (0,7r) and 62{t) G (tt, 27r) such 
that zi{t) = e'^'^^^ and Z2{t) = e^^^W, vVe have Zi(4) = ;Z2(4) = -1 and for t > 4, 
Zi{t) G (-1,0) and Z2{t) G (-00, -1). 
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We define 

t 1 — 

qf(r,6) =rexp( -) = 

' ^ ^^21-2rcos^ + r2^ ' *^ ^' 

for z = re*^. Tlie unit circle is parametrized by T = {e*^ : < 6 < 27i}. 

Lemma 5.1. ForO <t <4, dQt = {z = e'^ : <e < ^2(t)} U U £2,*, w'/iere 
an analytic curve, and Ci^t is in DflC^ except one of its endpoints, and L^^t is 
the reflection of Ci^t about x-axis. C\ t can he parametrized by '~ft{u) (0 < m < 1) such 
that 7i(0) e M, 7i(i) = Zi{t) and 'yt{u) C © n C+ /or < m < 1. Moreover, \-ft{u)\ is 
an increasing function of u on the interval [0, 1]. 

Proof. Observing tliat = ^t{z), we see tliat dflt is symmetric witli respect to 

X-axis. Since fit is simply connected and dflt is a simple closed curve, dflt intersects 
X-axis at two points. 

Restricting $t to real numbers, we find that C M, and that $4 is an increasing 

function on (—1,1) since ^[{z) is positive for z G (—1,1). From $((— 1) = —1 and 
lim^^i- ^t{z) = +00, we deduce that 

(5.1) ^i\{-l,l)) = {-l,x{t)), 

where x{t) is the unique solution of the equation $t(z) = 1 for z G (—1,1). The 
fact that ^'t{z) 7^ for z 7^ Zt{t),Z2{t) implies that $f is locally invertible for z ^ 
zi(t), Z2(t). Combining the fact that $t(T\{l}) C T, we obtain that 

{e'^ ■.ei{t)<0< 02it)} C dflt 

and dflt has corners of opening 7r/2 at zi{t) and Z2(t). 

Since $t is a conformal mapping from to B), by the symmetry $t(^) = ^t{z) 
and (EH), notcing that <l>J(0) = 1, we thus deduce that $t(fit n C+) C 1 n C+. d^t 
is a simple closed curve, thus Zi{t) and x{t) are connected by dQf It is clear that 
(9r2(\{e*^ : 6i{t) < 9 < 02{t)} does not intersect with T, we thus assume the curve 
It = {lt{u) : < n < 1} is the part of Qf which connects Zi{t) and x{t) such that 
7t(0) = x(t), 7t(l) = zi{t) and -ftlu) G © for < m < 1. 

We claim that |7t(M)| is an increasing function of u on the interval [0, 1]. For given 
< r < 1, we define the function of 6 by 

9tA0)=9tir,e) = \^tire'')\. 

Then gt^r is a strictly decreasing function of 9 on the interval [0,7r]. From the fact 
that fit is simply connected, we deduce that, for 2:0 G fi^ fl D fl C"*", the arc 

(5.2) {re*^ : |r| = \zQ\,aTgZo < 6 < n} C Qf 

Given < ui < ^2 < 1, we need to prove that |7t(Mi)| < |7t(M2)|- Since [0,x(t)] C fit, 
we obtain from (15.21) that 

(5.3) {re'^ : < r < x{t), < 9 < n} C fit, 
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which shows that |7t(Mi)| > x(t). Suppose that |7t(Mi)| > |7t('U2)|, then there exists 
<u[< ui such that |7iK)l = \lt{u2)\- If arg(7t(ii'J) > arg(74(M2)), then by ([OD, 
74(^2) G VLt and thus 7t(M2) ^ dVtt] if arg(7t(M'J) < arg(7t(M2)), then ^t{u\) G and 
thus 7t('u'i) ^ For both cases, we obtain a contradiction. Thus |7t(Mi)| < 174(^2) | 
and our claim is proved. □ 

For t > 0, we let Xi{t) G (0, 1) be the unique solution of the equation $4(2;) = 1 for 
2 G (0, 1). For < t < 4 we let X2{t) = -1; for t > 4, we let X2{t) G (-1, 0) be the 
unique solution of the equation = —1 for z G (—1, 0). 

Lemma 5.2. For t > 4, dQt = ^i,t U jC.2,t, where Ci^t is an analytic curve, and Ci^t 
is in 3 n C"*" except its endpoints, and £2,* is the reflection of Ci^t about x-axis. Ci^t 
can he parametrized by ■jtiu) (0 < m < 1) such that 7t(0) = a;i(t),7((l) = X2(t) and 
7t(M) C © n for < u < 1. Moreover, |7i(M)| is an increasing function of u on 
the interval [0, 1]. 

Proof. Recall that $4 has a zero of order two at —1. For all t > 4, Z2{t) < —1 and 
Zi G (—1,0). The assertion follows from the similar arguments in the proof Lemma 

o □ 

From the proof of Lemmas 15.11 and 15.21 for t > 0, we have that $^^((—1,1)) = 
{x2(t),Xi(t)). Moreover, Xi{t) = min{|z| : z G dflt} and —X2it) = max{|z| : z G dQt}- 

Remark 6. In fact, for any t > 0, from the equation 

gt{r,e) = 0, 0<r<l, 0<e<7r, 

we can prove that dr/dO > for < ^ < vr, which implies that if 2; G dQt, then the 
entire radius {rz : < r < 1} is contained in Qt. Therefore, dQt can be parametrized 
by^. 

Lemma 5.3. Using the same notations in Lemmas \5. 1\ and\ 5.'A fort > 0, the function 
|1 — 7t(u)| is an increasing function of u on [0, 1]. 

Proof. We only prove the case when < t < 4, the proof for other cases are similar. 
Noticing that |1 — re*^p = 1 — 2cos^ + r^, since |7t(M)| is an increasing function 
of u, to prove the assertion, we only need to prove that for the implicit function 
rexp(|i^^) = 1 of r and h, then h increases when r increases on (0, 1). From this 
equation, we have h = h{r) = — (t/2)(l — r^)/(ln r). One can check that h'{r) > for 
< r < 1, therefore h is an increasing function of r. □ 

Theorem 5.4. Denote by At the support of Xt. 

(1) For t > 0, the measure Xt has no singular part, and its density function is an 
analytic function. At^ C if ti <t2<4. A £ T for < t < 4 and At = T for 
t > 4. 

(2) The measure Xt is unimodal for allt>0 and its density is maximal at z = 1 and 
is minimal at z = —1. 
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(3) The density fucntion d\t/d9 converges uniformly to l/(27r) as t —)■ oo. 

Proof. Since z = 1 is not in the closure of VLt = rix^{3), then At has no singular part. 
From the analyticity of $t and or a general theorem in [8j, the density function is 
analytic. 

For < t < 4, set ai{t) = a2(t) = ^t{z2it)). Note that r]Xti^t{z)) = z for 

z & Qf From fl3.32p we see that At is the closed arc on T with endpoints ai{t),a2{t) 
which contains 1. Thus, to prove that C At2, it is enough to prove that arg(ai(t)) 
is an increasing function of t. A direct computation shows that \zi{t) — Ip = t and 
arg(SA,(zi(t))) = 3zi(t) = ^t(4 -t)/2. We thus have 

arg(ai(t)) = "^z^it) + arg(zi(t)) = sin(^i(t)) + Oiit). 



From Zi{t) = (2 — t + \/t^ — ^t)/2 we see that 9i{t) is an increasing function of t. 
The function 9 — )■ sin(^) + 6' is an increasing function on (0, vr). Thus arg(ai(t)) is an 
increasing function of t and (1) is proved. 

To prove (2), recall that a probability measure is unimodal if its density with respect 
to Lebesgue measure has a unique local maximum. r]x^ extends continuously to T, 
we thus have that 



(5.4) 



dXt{ 



dO 



1 1 - 




27r |1 - 





We first prove the case when < t < 4. From ri\^{^t{z)) = z for z ^ Qt and 
?7At(l) = x{t), to prove Xt is unimodal, by the boundary correspondence, it is enough 
to show that the function ft of u defined by 

ft{u) := T- 

|i -7H«)r 

is a decreasing function on [0, 1] and is maximal at 0. Since 7t(u) G dQt, we have 
that \^t{lt{u))\ = 1. In other words, we have 

(5.5) |7*(«)|exp (ytiu)] = ht{u)\exp ( l^^zM^] = i. 



.2^'^^7 "'^^^'^^^^ V2|l-7*(«)l^ 
As we shown in Lemma (5.11 that the function |7t(u)| is an increasing function of u, 
from fl5.5p . we deduce that ft is a decreasing function of u and maxj/^} = /f(0). 
By the symmetric property of the function $i in Lemma [5.11 the density function is 
symmetric with respect to x-axis as well. Thus the density of has only one local 
maximum at $4(74(0)) = $t(a;i(t)) = 1. 

The proof for the case t > 4 is similar. In this case At = T and max{/t} = ft{0) 
and min{/f} = /<(!). Part (3) is a consequence of Corollary 13.271 □ 



Remark 7. Biane [T7] proved that At the support of A^ is inside an arc of the unit 
circle, centered at 1, and of width approximately Ay/i for small value of t. 

In fact, the proof of Theorem 15.41 provides a new proof for this fact. From the proof, 
we see that At is the arc on the unit circle which passes through 1 with endpoints 
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ai(t) and 02 (t). Also we have arg(ai(t)) = sin6'i(t) + 6'i(t) and Oi(t) = aj:g{zi{t)) ^ \/t 
for small value of t. We thus have for small value of t. 

5.2. The positive half line case. Let A G A^m+ be the analogue of the normal 
distribution such that T,x{z) = exp {jzj)- 

We restate Proposition 6.14 in [16] in terms of rj and S transforms as follows. 

Lemma 5.5. Let ^ he a ^-infinitely divisible measure on R"*", and set ^fi{z) := 

(1) We have $^ {rjf^{z)) = z for every z G C+. 

(2) The set {^^(^) : z G C^} = fi, where f2 is the component of the set {z G C+ : 

> 0} whose boundary contains the left half line (— oo,0). Moreover, 
r]f,{^f,{z)) = z for z en. 

We denote ^x{z) = zexp {jzj}- The following lemma is elementary. 

Lemma 5.6. $a has zero of order one at 2 — \/3 and 2 + \/3, and $a has an essential 
sigularity at 1. These are the only zeros and sigularities o/$a- 

Theorem 5.7. The measure X has no sigular part. The support of this measure is 
the closure of its interior, and this interior has only one connected component. 



Proof. By Theorem 7.5 in [15], the measure A has compact support on M+. 

Let fl be the component of {z G C"*" : Q'($a(2;)) > 0} whose boundary contains 
(—00, 0). By Lemma [5. 5[ rjx : C+ — )► is a conformal map and $a is its inverse map, 
thus Q is simply connected. By Lemma |5T6| dQ is locally analytic. A general theorem 
in complex analysis tells us that t]x extends continuously to C"^ U M and it establishes 
a homeomorphism between the real axis and dQ. We continue to denote by t]x and 
$A their extensions. 

We claim that 



9fi = (^-cx), 2 - U 2 + y3,+cx))u£ 



where C is an analytic and open curve in C+ with endpoints 2 - ^3 and 2 + ^3. We 
denote 7(t) = ri\{t),t G M be a parametrization of dQ. Set ti = $a(2 — v^) > and 
t2 = $A(2 + y3) > 0, then 7]x{ti) = 2- and r]xit2) = 2 + ^3, and C = {7(i)}ti<t<t2- 
Note that 

(1) (-00,0) C dQ, 

(2) > for all x G (-00, 2-^3). 

From this we deduce that (—00, 2 — y/S) C dQ. Lemma 1531 tells us $a has a zero of 
order one at 2 — \/3, therefore dQ has a corner of opening 7r/2 at 2 — \/3. Note that 
^'xix) > for all x G (2 + v^, +00), thus (2 + y/S, +00) C dQ, and dQ has a corner 
of opening 7i/2 at 2 + 
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It remains to prove that £ flR = 0. First we show 1 ^ £. Suppose that is the case, 
and suppose 7(^0) = 1 where ti < < t2, by continuity, we have 

7(t)exp = ^xm) = <^xMt)) = t 



Mt) - 1 

for all t G M. Therefore in a small neighborhood of to, we have 

7(t) + l t 



7(t)-l V7W, 

The left hand of the above equation blows up, while the right hand side is bounded. 
This contradiction tells us that 1 ^ £. Now suppose C touches the real 
xo G (2 — v^, 1) U (1, 2 + v^). Since is connected, it is not hard to see that Xq must 
be a critical point of $a- This is not possible by Lemma [5 .61 We therefore proved 
that C C C"*" and the claim. 

From the definitions of the Cauchy transform and //-transform, one can easily check 
that 



1 - Vxiz) 

From the above equation we know that Gx extends to be a continuous function on 
C U R, and {x e M : Q{Gf,{x)) > 0} = (l/ta, lAi)- By the Stieltjes inverse formula, 
we deduce that the support of A is (1/^2, 1/i^i)- From the analyticity of the curve 
C C C^, we conclude that A has positive and analytic density in the interior of its 
support. □ 

We are interested in the level curves of the function 

(5.6) /(r, e) = e- —- -— ^ = arg($,(z)), 

1 — 2r cos + 

where z = r''' e C+. For t < 0, set 7^ = {2 = re'^ E C+ : /(r, 9) = t}. 

Proposition 5.8. (A) 70 is a simple open curve with endpoints 2 — a/3, 2 + a/3 and 
7o = >C. 

(B) '-ft is a simple open curve which starts at z = 1 and ends at z = 1 as well for all 
t < 0. 

Denote by fio ihe open domain bounded 70 U [2 — a/3, 2 + a/3] . For allt<0, Denote 
by Qt the open domain bounded 7^ U {1}. 

( C) For ti < t2 < 0, we have that Qti C ^7^2/ ^'^^ /o'^ '^o < 0, Qto = ^t<to^t- 

Proof. Given 9 G (0, vr), we define a function of r by fd{r) = f{r, 9) for r G (0, +00). 
We first note that f{r,9) < 9 < n and observe that 

lim /e(r) = 9. 

We thus have that {z = re^^ : /(r, ^) > 0, < ^ < vr} C <^-\C+). 
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Given 9 G (0, vr) and t < 0, the equation /(r, 9) = t is equivalent to the quadratic 
equation 

(5.7) heir) := (9 - - {2{9 - t) cos9 + 2sm9)r + 9 - t = 

with discriminant d{9,t) = [2[9 — t) cos ^ + 2 sin 9]^-A{9-tf. We then rewrite d{9,t) 
as follows. 



(5.8) ci(^,t) =4(l-cos^(^)) 



smf 

-t 



1 + cos 6^ 



sin 6' 

9 + t 



1 — cos 9 



We observe that the first two factors in (15.81) are never zero for 9 G (0, tt), thus only 
the last factor in (15. 8 p matters to determine the sign of d{9,t). We consider the 
function k by k{9) = sin 0/(1 — cos 9) — 9 for 9 G (0, vr), and calculate 

(5.9) m = -i-^ - 1 < 0, 

which implies that A; is a decreasing function of 9. For t < 0, we now set dt{9) : = 
d{9,t). We then deduce that dt{9) = has exactly one solution, which we denote by 
9t, and dt{9) > if and only if < 9 < 9t. Therefore, the half line r = 9 intersects 
with 7t at two points if and only if < 9 < 9t and the half line r = 9t is tangent to 
7t. Moreover, 9t^ < 9t2 if ti < ^2 < 0. 

For the solutions of the equation /(r, 9) = 0, one can check as 6* — )■ 0, r satisfying 
the equation — 4r + 1. Given t < 0, for the solutions of the equation /(r, 9) = t, 
we can easily see that r tend to 1 as — )■ 0. Now (A) and (B) follow from this 
observation. 

Given 9 G (0, vr), from (15.61) . we see that the function /e(r) defined by /e(r) = /(r, 9) 
has exactly one local minimum at r = 1. feir) is a decreasing function of r on (0, 1) 
and an increasing function of r on (1, oo). Therefore, if the half line r = 9 intersects 
with 7t at two points, then one of them is inside the unit circle of C and the other 
one is outside the unit circle. We conclude that (C) is valid. □ 

It is interesting to compare the following result with Proposition 12.21 and Lemma 



Corollary 5.9. We have that $a^(C+) = Q U^^ (fi( 2fc-i)7r\^(2fc-2)7r)- Moveover, Q 
and ^l(2k-i)n\^(2k-2)n (k = 1,2, ■ ■ ■ ) are all connected components o/$a- Iri particu- 
lar, $^^(C"'") has infinitely many connected components. 

We would like to point out that for z = re*^ G £ = 70, the curve £ can be 
parametrized by r. Noticing (15.71) and (15.81) . we first observe the following equivalence 
relations: 



(5.10) 



d{9,0) = ^ 9cos9 + sin9 = 9 ^ r = 1. 
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By (15. 9p . we see that f lS.lOp has exactly one sohition Oq for 9 E (0,7r). By differenti- 
ating the equation /(r, 9) = 0, we obtain that 

d9 _ 29cos9 + 2sm9-29r 
^ ' ^ d?~ r'^ + 29 sin^-4cose + l' 

Thus, d9/dr = if and only if r = {9 cos 9 + sin 6')/6'. Fix 9, the equation fei^r) = 
is equivalent to the quadratic equation 9r'^ — {29 cos 9 + 2 sin 9)r + 9 = 0, from which 
we deduce that r = {9 cos 9 + sm9)/9 if and only if d{r,0) = 0. From flS.lip and 
continuity of d9/dr, we see that d9/dr > for < 9 < 9o,r < 1 and d9/dr < for 
< 6^ < ^0,''^ > 1- Therefore, for the solutions of the equation f{r,9) = 0, 6' is a 
function of r and the curve C can be parametrized by r. 

We denote by g the density function of A. From the equation Gx{l/x) = x/(l — 
rix{x)), we obtain the following formula for the density function of A. 

Proposition 5.10. Given z = re*^ E 'jo = C, we have 

g{l/x) = 9<!?x{z) = r9exp (- ^ W—^] > 

\1 — 2r cos 9 + r'^ J 

where x = $a(^)- 




Figure 1. Level curves of g2{r,9) = \^2{re^^)\. The vertical axis indi- 
cates 9, and the horizontal axis indicates r. 
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Figure 2. Level curves of g^{r,9) = |$5(re*^)|. The vertical axis indi- 
cates 6, and the horizontal axis indicates r. 
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Figure 3. Level curves of f{r,9) = aig{^\{re^^)). The vertical axis 
indicates 9, and the horizontal axis indicates r. 
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